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BROADER IMPACT
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BROADER IMPACT

A. Sabatucci, O. Benhar PRC 101, 045807 



“AB-INITIO” NUCLEAR PHYSICS
In the low-energy regime, quark and gluons are confined within hadrons and the relevant degrees 
of freedoms are protons, neutrons, and pions

7

Effective field theories are the link between QCD and nuclear observables.
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THE QUANTUM MANY-BODY PROBLEM



• Non relativistic many body theory aims at solving the many-body Schrödinger equation
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xi ⌘ {ri, szi , tzi }

• Nucleons are fermions, so the wave function must be anti-symmetric

THE QUANTUM MANY-BODY PROBLEM
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• Nuclear forces are spin (and isospin) dependent
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GREEN’S FUNCTION MONTE CARLO
The GFMC uses a many-body representation of the spin-isospin degrees of freedom
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NEURAL NETWORK QUANTUM STATES
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 Product of mean-field state modulated by a flexible correlator factor 

Mean-field: Slater determinant of single-particle 
orbitals 

NEURAL SLATER-JASTROW ANSATZ
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Each orbital is a FFNN that takes as input
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NEURAL SLATER-JASTROW ANSATZ
“Manually” imposing permutation-invariance scales factorially with A
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NEURAL SLATER-JASTROW ANSATZ

On the Limitations of Representing Functions on Sets

Edward Wagstaff
* 1

Fabian B. Fuchs
* 1

Martin Engelcke
* 1

Ingmar Posner
1

Michael Osborne
1

Abstract

Recent work on the representation of functions
on sets has considered the use of summation in
a latent space to enforce permutation invariance.
In particular, it has been conjectured that the di-
mension of this latent space may remain fixed
as the cardinality of the sets under consideration
increases. However, we demonstrate that the ana-
lysis leading to this conjecture requires mappings
which are highly discontinuous and argue that this
is only of limited practical use. Motivated by this
observation, we prove that an implementation of
this model via continuous mappings (as provided
by e.g. neural networks or Gaussian processes)
actually imposes a constraint on the dimensional-
ity of the latent space. Practical universal function
representation for set inputs can only be achieved
with a latent dimension at least the size of the
maximum number of input elements.

1. Introduction

Machine learning models have had great success in taking
advantage of structure in their input spaces: recurrent neural
networks are popular models for sequential data (Sutskever
et al., 2014) and convolutional neural networks are the state-
of-the-art for many image-based problems (He et al., 2016).
Recently, however, models for unstructured inputs in the
form of sets have rapidly gained attention (Ravanbakhsh
et al., 2016; Zaheer et al., 2017; Qi et al., 2017a; Lee et al.,
2018; Murphy et al., 2018; Korshunova et al., 2018).

Importantly, a range of machine learning problems can nat-
urally be formulated in terms of sets; e.g. parsing a scene
composed of a set of objects (Eslami et al., 2016; Kosiorek
et al., 2018), making predictions from a set of points form-
ing a 3D point cloud (Qi et al., 2017a;b), or training a set
of agents in reinforcement learning (Sunehag et al., 2017).

*Equal contribution 1Department of Engineering Science, Uni-
versity of Oxford, Oxford, United Kingdom. Correspondence to:
<{ed, fabian, martin}@robots.ox.ac.uk>.

Proceedings of the 36 th
International Conference on Machine

Learning, Long Beach, California, PMLR 97, 2019. Copyright
2019 by the author(s).
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�(x1)
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Figure 1: Illustration of the model structure proposed in
several works (Zaheer et al., 2017; Qi et al., 2017a) for
representing permutation-invariant functions. The sum op-
eration enforces permutation invariance for the model as a
whole. � and ⇢ can be implemented by e.g. neural networks.

Furthermore, attention-based models perform a weighted
summation of a set of features (Vaswani et al., 2017; Lee
et al., 2018). Hence, understanding the mathematical prop-
erties of set-based models is valuable both in terms of set-
structured applications as well as better understanding the
capabilities and limitations of attention-based models.

Many popular machine learning models, including neural
networks and Gaussian processes, are fundamentally based
on vector inputs1 rather than set inputs. In order to adapt
these models for use with sets, we must enforce the property
of permutation invariance, i.e. the output of the model must
not change if the inputs are reordered. Multiple authors, in-
cluding Ravanbakhsh et al. (2016), Zaheer et al. (2017) and
Qi et al. (2017a), have considered enforcing this property
using a technique which we term sum-decomposition, illus-
trated in Figure 1. Mathematically speaking, we say that a
function f defined on sets of size M is sum-decomposable

via Z if there are functions � : R ! Z and ⇢ : Z ! R such
that2

f(X) = ⇢
�
⌃x2X�(x)

�
(1)

We refer to Z here as the latent space. Since summa-
tion is permutation-invariant, a sum-decomposition is also
permutation-invariant. Ravanbakhsh et al. (2016), Zaheer
et al. (2017) and Qi et al. (2017b) have also considered
the idea of enforcing permutation invariance using other
operations, e.g. max(·). In this paper we concentrate on a
detailed analysis of sum-decomposition, but some of the lim-
itations we discuss also apply when max(·) is used instead
of summation.

1Or inputs of higher rank, i.e. matrices and tensors.
2We use R here for brevity – see Definition 2.2 for the fully

general definition.
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J(X)Solution: “deep-sets”

Wagstaff et al., arXiv:1901.09006 (2019) Zaheer et al., arXiv:1703.06114 (2017)

“Manually” imposing permutation-invariance scales factorially with A
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WAVE FUNCTION OPTIMIZATION
ANN trained by performing an imaginary-time evolution in the variational manifold
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The parameters are updated as

S. Sorella, Phys. Rev. B 64, 024512 (2001)
J. Stokes, at al.,  Quantum 4, 269 (2020).
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STOCHASTIC RECONFIGURATION
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C. Adams, AL, et al, PRL 127, 022502 (2021)



COMPARISON WITH GFMC
• The ANN Slater Jastrow ansatz outperforms conventional Jastrow correlations
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• Differences with the GFMC due to deficiencies in the Slater-Jastrow ansatz

C. Adams, AL, et al, PRL 127, 022502 (2021)
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5

ber of nodes in the hidden layers in �F and ⇢F has been
increased from 16 to 24. After about 4800 optimization
steps, the parity-conserving ansatz yields energies that
are consistent with the HH method. Nevertheless, our
results indicate that enforcing time-reversal symmetry is
e↵ective in reducing the training time and augment the
expressivity of the hidden-nucleon ANN architecture.

Neural-network quantum states applications to nuclear
systems have so far been limited to light nuclei, with
up to A = 6 nucleons [26, 28, 29]. Here, we signifi-
cantly extend the reach of this methods by computing the
ground-state of 16O utilizing the hidden-nucleon ansatz.
In Ref. [31], the AFDMC method has been employed to
study this nucleus using as input the LO pionless-EFT
Hamiltonian of Eq. (1). The AFDMC trial wave function
takes the factorized form  T (R,S) ⌘ hRS|F|�i. The
Slater determinant of single-particle orbitals �(R,S) de-
termines the long-range behavior of the wave function.
The correlation operator is expressed as

F =
⇣ Y

i<j<k

F c

ijk

⌘⇣Y

i<j

F c

ij

⌘⇣
1 +

X

i<j

F op

ij

⌘
(8)

The spin-isospin independent three-body correlations
F c

ijk
act on all triplets of nucleons. Similarly, the cen-

tral two-body Jastrow F c

ij
is applied to all nucleon pairs,

while the spin-isospin dependent term, F op

ij
, appears in

a linearized form [47]. This approximation reduces the
computational cost of evaluating  T (R,S) from expo-
nential to polynomial in A but makes the trial wave func-
tion non extensive: if the system is split in two (or more)
subsets of particles that are separated from each other,
the F does not factorize into a product of two factors
in such a way that only particles belonging to the same
subset are correlated. As a consequence, the correlation
operator of Eq. (8) becomes less e↵ective for nuclei larger
than 16O, preventing the applicability of the AFDMC
method to medium-mass nuclei.

The AFDMC projects out the ground-state of the sys-
tem from the starting trial wave function performing an
evolution in imaginary time ⌧

| 0i / lim
⌧!1

| (⌧)i = e�H⌧ | T i . (9)

The fermion-sign problem is mitigated by means of the
constrained-path approximation, which essentially lim-
its the imaginary-time propagation to regions where the
propagated and trial wave functions have a positive over-
lap [16]. Contrary to the fixed-node approximation, the
constrained-path approximation does provide an upper
bound to the true ground-state energy of the system [48].
The accuracy of the trial wave function is critical to re-
duce this bias, as the constrained-path approximation
becomes exact when the trial wave function is coincides
with the ground-state one.

In Fig. 3, we display the ground-state energy of 16O as
a function of the number of hidden nucleons Ah for the
parity and time-reversal conserving ansatz of Eq. (6). For
comparison, the VMC energy of 16O obtained with the

FIG. 3. Ground-state energy of 16O as a function of the num-
ber of hidden nucleons Ah (solid blue points). The VMC
and AFDMC energies — the latter taken from Ref. [31] —
are shown by the green-dashed and orange solid lines. The
shaded areas represent the Monte Carlo statistical uncertain-
ties.

correlation operator of Eq. (8) is represented in Fig. 3
by the dashed green line, while the shaded area is the
Monte Carlo statistical uncertainty. The solid horizontal
line and the shaded area indicate the constrained-path
AFDMC energy and its statistical uncertainty as listed
in Ref. [31]. Already for Ah = 2, the hidden-nucleon wave
function matches the VMC value. By further increasing
Ah, the variational energy lowers until it becomes consis-
tent with the AFDMC value, within error bars, demon-
strating the accuracy of the hidden-nucleon ansatz even
in the p-shell region.

Unless a forward-walk propagation is used [49, 50],
within di↵usion Monte Carlo methods, expectation val-

FIG. 4. Point nucleon density of 16O as obtained with the
hidden nucleon ansatz (solid blue circles) compared with the
perturbatively-corrected AFDMC estimates of Eq. (10).

16O 16O

AL, et al., Phys. Rev. Res. 4 (2022) 4, 043178

We extend the reach of neural quantum states to 16O

In addition to its ground-state energy, we evaluate the point-nucleon density of 16O with Ah=16
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2

slightly larger than the experimental value of �18.9(4)
fm, see [41] and references therein, while the e↵ective
range is well reproduced. The Hamiltonian also contains
a repulsive three-body force that ensures the stability of
nuclei.

We approximate the ground-state solution of the nu-
clear many-body problem with an NQS ansatz that be-
longs to the hidden-fermion family [42], recently general-
ized to continuum Hilbert spaces and applied to atomic
nuclei in Ref. [29]. In addition to the visible spatial and
spin coordinates of the A neutrons, R = {r1 . . . rA} and
S = {sz1 . . . szA}, the Hilbert space contains fictitious Ah

hidden-nucleon degrees of freedom. In this work we use
Ah = A = 14 so that the system is as flexible as possi-
ble, but in practice we have also found using as few as
8 hidden nucleons gives very similar results. The wave
function can be conveniently expressed in a block matrix
form as

 HN (R,S) ⌘ det


�v(R,S) �v(Rh, Sh)
�h(R,S) �h(Rh, Sh)

�
. (1)

As in Ref. [29], �v(R,S) is the A ⇥ A matrix represent-
ing visible single-particle orbitals computed on the visible
coordinates while the Ah ⇥ Ah matrix �h(Rh, Sh) yields
the amplitudes of hidden orbitals evaluated on the co-
ordinates of the Ah hidden nucleons. Finally, �h(R,S)
and �v(Rh, Sh) are Ah ⇥ A and A ⇥ Ah matrices giving
the amplitudes of hidden orbitals on visible coordinates
and visible orbitals on hidden coordinates, respectively.
All the above matrices are expressed in terms of deep
neural networks with di↵erentiable activation functions
— see Ref. [29] for additional details. To respect the
Pauli principle, the coordinates of the hidden nucleons
must be permutation-invariant functions of the visible
ones. We enforce this symmetry by using a Deep-Sets
architecture [43, 44] with logsumexp pooling. Addition-
ally, the discrete parity and time reversal symmetries, are
enforced in the same manner as Ref. [29].

Inspired by the success of quantum-chemistry NQS [32,
33], we augment the flexibility of the ansatz by perform-
ing a generalized backflow transformation to the visi-
ble coordinates of the hidden-nucleon matrix: (R,S) !
(R̃, S̃). We use the Deep-Sets architecture again to en-
force fermion anti-symmetry

(r̃i, s̃
z

i
) = ⇢bf

⇣
ri, s

z

i
, log

⇣X

j

exp(�bf(rj , s
z

j
)
⌘⌘

. (2)

To further augment the expressivity, separate ⇢bf and
�bf neural networks are used for each of the A visible
coordinates.

We simulate infinite neutron matter using 14 particles
in a box with periodic boundary conditions. Following
Ref. [45], the latter are imposed by mapping the spatial
coordinates onto periodic functions by

ri !
✓
sin

✓
2⇡ri
L

◆
, cos

✓
2⇡ri
L

◆◆
(3)

which ensures the wave function is continuous and di↵er-
entiable at the box boundary. Here L is the size of the
simulation periodic box, and the sin and cos functions
are applied element-wise to ri. Finite-size e↵ects due
to the tail corrections of two- and three-body potentials
are accounted for by summing the contributions given by
neighboring cells to the simulation box [46].

Evaluating the expectation values of quantum mechan-
ical operators, including the Hamiltonian, requires car-
rying out multi-dimensional integration over the spatial
and spin coordinates of the neutrons. To this aim, we
exploit Monte Carlo quadrature and sample R and S
from | HN (R,S)|2 using the Metropolis-Hastings algo-
rithm [47] — additional details can be found in the sup-
plemental material of Ref. [27]. The best variational
parameters defining the NQS are found by minimiz-
ing the system’s energy, which we carry out using the
R(oot)M(ean)S(quared)Prop(agation)-enhanced version
of the stochastic-reconfiguration optimization method in-
troduced in Ref. [29].

Results and discussion. We first benchmark the ex-
pressivity of the hidden-nucleon NQS for periodic sys-
tems by comparing the energy per particle of infinite
neutron matter against “conventional” variational Monte
Carlo (VMC), and both constrained-path and AFDMC
results. The variational wave function used in state-of-
the-art neutron-matter studies, see for example [7, 21],
contains a spin-independent Jastrow factor that multi-
plies a Slater determinant augmented by spin-dependent
backflow correlations. The constrained-path approxi-
mation, commonly employed to alleviate the AFDMC
fermion-sign problem [19], brings about a bias in the
ground-state energy estimate [6, 21]. Exact results can be
obtained by performing unconstrained propagations, but
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FIG. 1. NQS training data in neutron matter at ⇢ = 0.04
fm�3 (data points) compared with Hartree-Fock (dotted line),
conventional VMC (dashed line), constrained-path ADMC
(dash-dotted line) and unconstrained-path ADMC results
(solid line).

B. Fore, AL et al., Phys. Rev. Res. 5, 033062 (2023)

➡ NQS: 100 hours on NVIDIA-A100 

➡ AFDMC: 1.2 million Intel-KNL hours 

14 Neutrons @ ρ=0.04 fm-3
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Periodic-NQS to solve the two-components Fermi gas in the BCS- BEC crossover region 
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We introduce a Pfaffian-Jastrow ansatz

In order for the above matrix to be skew-symmetric, the neural pairing orbitals are taken to be

Example:
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Figure 3. Ground-state energies per particle for unpolarized
systems as a function of the number of particles, at unitarity
1/akF = 0. The effective range is fixed at kF re = 0.2.

One of the most appealing aspects of our PJ-BF ansatz is
that it does not depend on the particle number N. In light of
this, we can apply the transfer learning procedure again to
accelerate the training of the larger N cases by starting with
the parameters obtained from the smaller N cases. We use this
process to investigate the ground-state energies at unitarity
as a function of N, as shown in Figure 3. Our PJ-BF ansatz
gives energies about 0.007�0.008EFG lower than DMC for
all values of N tested, with the largest discrepancy at N = 38.
Further investigations will be required to make conclusions
about the thermodynamic limit.

As an initial comparison with existing AFQMC results,
we consider the case of N = 38 and kF re = 0.2. Our PJ-BF
ansatz yields ground-state energies 0.0061(5)EFG higher than
the AFQMC value of 0.3897(4)EFG that we extracted from
Fig. 2 of Ref.8. A portion of this discrepancy is likely due to
using different finite effective-range potentials52; discretiza-
tion effects present in AFQMC also contribute. In addition,
refinement of our network through hyperparameter tuning
could mitigate some of these discrepancies. In future work

N DMC-BCS PJ-BF Diff.
14 0.428(1) 0.4208(3) -0.007(1)
16 0.4240(2) 0.4173(4) -0.0067(4)
18 0.4206(2) 0.4139(3) -0.0067(4)
22 0.4150(2) 0.4084(3) -0.0066(4)
26 0.4109(3) 0.4038(3) -0.0071(4)
32 0.4067(3) 0.3989(3) -0.0078(4)
38 0.404(1) 0.3958(3) -0.008(1)

Table 2. Energies per particle for unpolarized systems with
different numbers of particles at kF re = 0.2.

Figure 4. Upper panel: Energy per particle in the BCS-BEC
crossover region as a function of the scattering length a for a
fixed effective range kF re = 0.2. Lower panel: Difference
between Pfaffian-Jastrow with backflow (PJ-BF) and
DMC-BCS benchmark energies. See Table 3 for the
corresponding values of v0 and µ .

we plan to carry out detailed benchmarks with the AFQMC.
To this aim, we will carefully extrapolate to the zero effective
range using the transfer learning technique outlined here, so
as to enable comparison with the AFQMC zero lattice spacing
limit.

Finally, we explore the BCS-BEC crossover region for a
fixed effective range kF re = 0.2 in Fig. 4. See Table 3 for the
values of the interaction parameters v0 and µ , as well as the
corresponding DMC-BCS benchmarks and the PJ-BF results.
Once again, we employ transfer learning, wherein we use
cases closer to unitarity to pretrain the cases that are further
away. In the BCS regime, our PJ-BF ansatz consistently yields
energies ⇠ 0.01EFG lower than those obtained from DMC-
BCS, albeit with slightly inferior performance in the BEC
regime. We attribute the minor difference in performance
of our PJ-BF ansatz between the BCS and BEC phases to
the requirement for greater flexibility in capturing the short-
range behavior of pairs in the BEC regime. We anticipate that
enlarging the size of the FNN that defines the pairing orbital
would help alleviate the small discrepancies in performance
observed between the BCS and BEC phases.

2.4 Pair distribution functions

The spin-dependent two-body radial distribution functions
capture the probability density of finding two particles with
specific spin orientations at a given separation distance.
Hence, they provide a quantitative description of the spatial
correlations and pairing phenomena between fermionic parti-
cles. Note that NQS offer a significant advantage over DMC
methods when computing expectation values of quantum me-
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DILUTE NUCLEONIC MATTER WITH MPNN
14 Neutrons, 14 Protons @ ρ=0.04 fm-3
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Liquid phase 
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2H clusters 
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4He clusters 
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8Be clusters 
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DILUTE NUCLEONIC MATTER WITH MPNN
24 Neutrons, 4 Protons @ ρ=0.01 fm-3
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24 Neutrons, 4 Protons @ ρ=0.01 fm-3



OUTLOOK AND PERSPECTIVES

➡ Atoms and molecules;

• Neural network quantum states can efficiently approximate quantum-many body wave functions 
across different energy scales

36

➡ Cold atoms;

➡ Atomic nuclei and neutron-star matter;

• Perspectives in real-time dynamics, relevant for fission, fusion and neutrino-oscillation 
experiments
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